The b-chromatic number of a graph is the maximum number k of colors that can be used to color the vertices of G, such that we obtain a proper coloring and each color i, with 1 ≤ i ≤ k, has at least one representant x i adjacent to a vertex of every color j, 1 ≤ j = i ≤ k. The studies on b-chromatic number attracted much interest since its introduction. In this paper, we discuss the b-chromatic number of certain classes of graphs and digraphs. The notion of a new general family of graphs called the Chithra graphs of a graph G are also introduced in this study and the corresponding b-chromatic numbers are studied.
Introduction
For general notation and concepts in graph and digraph theory, we refer to [1, 2, 4, 16] . Except for Jaco and Ornated graphs, all graphs mentioned in this paper are simple, non-trivial, connected, finite and undirected graphs.
Let us denote the set of k colors by C = {c 1 , c 2 , c 3 , . . . , c k }. Then, a proper k-coloring of a graph G is a function f : V (G) → C such that f (u) = f (v); ∀uv ∈ E(G). The color class V c i is the subset of V (G) that are assigned to the color c i . The chromatic number χ(G) is the minimum integer k for which G admits proper k-coloring.
A proper k-coloring C of a graph G is called a b-coloring if for every color class C i , there is a vertex with color i which has at least one neighbour in every other color classes. Such a vertex v in G is called a b-vertex of G.
The b-chromatic number, denoted ϕ(G), of a graph G had been introduced in [5] as the largest integer k for which G admits a b-coloring using k colors. If G admits a b-coloring, then it is called b-colorable graph.
In other words, the b-chromatic number of a graph G is defined (see [3] ) as follows.
Let G be a graph on n vertices, say v 1 , v 2 , v 3 , . . . , v n . The b-chromatic number of G is defined as the maximum number k of colors that can be used to color the vertices of G, such that we obtain a proper coloring and each color i, with 1 ≤ i ≤ k, has at least one representant x i adjacent to a vertex of every color j, 1 ≤ j = i ≤ k.
For more literature on b-chromatic number of graphs, we refer to [3, 5, 13, 14, 15] . Motivated from these studies, in this paper, we discuss the b-chromatic number of certain types of graphs and digraphs The following is an important and useful result provided in [13] . Proposition 1.1. [13] For the the complete graph K n , n ≥ 1, the path P n , n ≥ 2, the cycle C n , n ≥ 3 we have
(ii) ϕ(P n ) = 2; n = 2, 3 and ϕ(P n ) = 3, n ≥ 4.
(iii) ϕ(C n ) = 3, ∀n = 4 and ϕ(C 4 ) = 2.
(iv) ϕ(K m n ) = 2.
New Directions
Recently, the families of graphs namely, Jaco graphs, linear Jaco graphs, ornated graphs, Rasta graphs, set-graphs, edge-set graphs and edge-joint graphs were introduced in different studies in [6, 7, 8, 10, 11, 12] .
We present a slightly modified definition of the b-chromatic number, perhaps slightly different from those found in the current literature will be presented hereafter the b-chromatic number for these families of graphs as follows.
Consider a proper k-coloring of a graph G and denote the set of k colors by
The subset V c i is called a color class of G. Clearly, the collection of all such color classes form a partition of V (G).
The largest possible value of k ∈ N such that there exists a proper k-coloring such that there exist two adjacent vertices v s ∈ V c i and v t ∈ V c j , for all distinct pairs of colors c i , c j , is called the b-chromatic number of G, denoted by ϕ(G). Such a coloring of the graph G is called a b-coloring of G.
b-Chromatics Number of Linear Jaco Graphs
Let N denotes the set of all natural numbers and N 0 denotes the set of all nonnegative integers. The notion of the family of linear Jaco graphs has been introduced in [11] as given below.
Definition 2.1. [11] Let f (x) = mx + c; x, m ∈ N, c ∈ N 0 . The family of infinite linear Jaco graphs, denoted by {J ∞ (f (x)), is defined as a directed graph such that
The function f (x), we mention in this section is a linear function of the form f (x) = mx + c; x, m ∈ N, c ∈ N 0 . Then, a finite linear Jaco graph can be defined as follows.
The family of finite linear Jaco graphs, denoted by
The underlying graph of a finite linear Jaco graph is denoted by J * n (f (x)), and is referred simply as the linear Jaco graph.
The vertices of a finite linear Jaco graph J n (f (x)) with degree ∆(J n (f (x))) is called Jaconian vertices of J n (f (x)) and the set of vertices with maximum degree is called the Jaconian set of the linear Jaco graph J n (f (x)), denoted, J(J n (f (x))) or simply J n (f (x)) (see [11] ). The lowest numbered (indexed) Jaconian vertex is called the prime Jaconian vertex of a linear Jaco graph.
If v i is the prime Jaconian vertex of the finite linear Jaco graph J n (f (x)), the complete subgraph induced by the vertex subset {v i+1 , v i+2 , . . . , v n } is called the Hope subgraph of J n (f (x)), denoted by H(J n (f (x))) or H n (f (x)).
Invoking the above notions, we establish the following result on the b-chromatic number of a finite linear Jaco graph. Theorem 2.3. For n ≥ 2, the b-chromatic number of a linear Jaco graph J * n (f (x)), with prime Jaconian vertex v i is given by ϕ(J * n≥2 (f (x))) = (n − i) + 1.
Proof. If vertex v 1 is the prime Jaconian vertex of J n (f (x)), then J * n (f (x)) ∼ = K n and the result follows from Proposition 1.1. If vertex v 2 is the prime Jaconian vertex, then the Hope graph induced by the set {v 3 , v 4 , v 5 , . . . v n } is complete. Color these vertices as follows.
and v 2 → c n−1 . Clearly, this proper k-coloring with k = (n − 2) + 1 = n − 1, is a maximum k-coloring and hence, ϕ(J * n≥2 (f (x))) = (n − i) + 1. Now, assume the result holds for the prime Jaconian vertex v i , 3 ≤ i ≤ k for the corresponding Jaco graph J * m (f (x)). Now, consider the Jaco graph J * m+1 (f (x)). Then, we have to consider the following cases.
iterations are required to color all the vertices completely. Clearly, this is a maximal proper coloring.
Assume without loss of generality that it is possible to color v 1 → c t+1 . Then, if v i+1 → c j , and since v 1 v i+1 / ∈ E(J * m+1 (f (x))) the coloring is not a b-coloring. Case-2: If v i is not the prime Jaconian vertex of J * m+1 (f (x)) then by necessity vertex v i+1 is the prime Jaconian vertex. The Hope graph,
In this case also the result follows by proceeding as explained in Case-1 alternatively, as applicable in the assumption.
Therefore, in both cases we have ϕ(J * m+1 (f (x))) = ((m+1)−i)+1 or (m−i)+1. Hence, the given result follows by mathematical induction.
b-Chromatics Number of Ornated Graphs
The class of ornated graphs is a family of directed non-simple finite graphs which is defined in [10] as given below.
where a j ∈ N 0 , 1 ≤ j ≤ l for j, l ∈ N. For brevity, we write s l = (a j ); 1 ≤ j ≤ l.
Definition 2.5.
[10] Let n be a positive integer and s l = (a j ); 1 ≤ j ≤ l be an ordered string of non-negative integers. An ornated graph on n vertices, associated with an ordered string s l is denoted by O n (s l ) and is defined as a directed graph with vertex set V = V (O n (s l )) = {v i : i ∈ N, i ≤ n} and the arc set A = A(O n (s l )) ⊆ V × V such that for i, j ∈ N, (v i , v j ) ∈ A if and only if (i + a t ) ≥ j, i < j, for odd indices t and (i − a s ) ≤ j, i > j, for even indices s.
The underlying graph of
In view of all these facts, we determine the b-chromatic number of ornated graphs in the following theorem.
Proof. First assume that n ≤ a i + 1. Then, since O n (s l ), s l = (a i ) is the maximum reach subgraph of O n (s l ), the graph O * n (s l ) is a complete graph on n vertices. Therefore, by Proposition 1.
Next, assume that n ≥ a i + 2. Initially, color the vertices as
b-Chromatics Number of Rasta Graphs
The notion of Rasta graphs had been introduced in [7] , which can be constructed as explained below.
Constructing a Rasta graph: Consider a t-term sum set {t 1 , t 2 , t 3 , ..., t l } with t 1 > t 2 > t 3 > ... > t l > 1.
(S-1) Consider t 1 vertices in the left column (the first column) and t 2 vertices in the Right column (the second column) and construct K t 1 ,t 2 .
(S-2) Add the third column of t 3 vertices and add the edges of K t 2 ,t 3 .
(S-3) Repeat
Step 2 iteratively up to t .
(S-4) Exit.
It is noted in [7] that a Rasta graph is the underlying graph of a directed graph defined as follows. Proof. We know that ϕ(K n,m ) = 2 (see [13] ). For the complete bi-partite graph K t 1 ,t 2 color the vertices in the left column, c 1 and those in the right column, c 2 . From the construction of a Rasta graph mentioned above, we can observe that no vertex in the first column (that is, in the leftmost column) is adjacent to any vertex in the third column and hence the vertices in the third column can be be colored c 1 . Similarly, the vertices in the second column and those in the fourth column are not adjacent and hence the vertices in the fourth column can be colored using the color c 2 . Proceeding like this, the vertices at the odd position columns have the color c 1 and the vertices at the even position columns have the color c 2 . Therefore, we have ϕ(R) = 2.
Chithra Graphs of a Graph
In this section, we introduce a new family of graphs, namely Chithra graphs 1 , of a given graph G as follows.
Consider the set V(G) of all subsets of the vertex set, V (G). Select any number, say k, non-empty subsets W i ∈ V(G),
, with repetition of selection allowed. For the additional vertices u 1 , u 2 , u 3 , . . . , u k , add the additional edges u i v j , ∀v j ∈ W j . This new graph is called a Chithra graph of the given graph G and the family of Chithra graphs of the graph G is denoted by C(G).
Note that in general the empty subset of V (G) may be selected as repetition of selection is permitted. However, the empty subset does not represent an additional vertex. This argument implies that G ∈ C(G) as well.
Also, note that the Chithra graphs can be constructed from non-connected (disjoint) graphs and for edgeless (null) graphs. It means that for the edgeless graph on n vertices denoted N n , the complete bi-partite graph, K n,m ∈ C(N n ). Equally so, K n,m ∈ C(N m ). Constructing paths from an edgeless graph are excluded.
A number of well-known classes of graphs are indeed Chithra graphs of some graph G. Small graphs such as sun graphs, sunlet graphs, crown graphs and helm graphs are all Chithra graphs of some graph G.
The b-chromatic number of the Chithra graphs of the given graphs is determined in the following theorem.
Theorem 2.9. Let G be a graph and G ∈ C(G) and G = P n , n ≥ 4. Then ϕ(G ) = ϕ(G) + 1.
Proof. Clearly, if the color c ϕ+1 is allocated to each additional vertex u i , 1 ≤ i ≤ k, the coloring C ∪ {c ϕ+1 } is a proper coloring of G . Since the edges u i u j / ∈ E(G ), for all i, j, no vertex u i can be colored other than with c ϕ+1 . Hence, C ∪ {c ϕ+1 } is a b-coloring of G . Therefore, ϕ(G ) = ϕ(G) + 1.
Some trivial applications of Theorem 2.9 are the following.
(i) Since ϕ(K 1 ) = 1, and P 3 ∈ C(K 1 ), it follows that ϕ(P 3 ) = 2.
(ii) Since ϕ(C n ) = 3, n ≥ 5, and the sunlet graph S n ∈ C(C n ), it follows that ϕ(S n ) = 4 (see [15] ).
(iii) Since ϕ(C n ) = 3, n ≥ 5, and the wheel graph W n+1 ∈ C(C n ), it follows that ϕ(W n+1 ) = 4.
(iv) A sun graph S 2n (see [17] ) has V (S 2n ) = {d i :
(v) Since a helm graph H 2n+1 is obtained from a wheel W n+1 by attaching one pendant vertex to each vertex of the outer cycle C n , it follows that H 2n+1 ∈ C(W n+1 ). Therefore, ϕ(H 2n+1 ) = 5.
Consider a graph G on n vertices. If the maximum number of mutually nonadjacent vertices in G is k, label them u 1 , u 2 , u 3 , . . . , u k . We recall that the open neighbourhood of a vertex v ∈ V (G) is denoted by N G (v). In view of the above notions and fats, we have the following result.
Lemma 2.10. If for a graph G on n vertices with a maximum of k mutually nonadjacent vertices, U = {u 1 , u 2 , u 3 , . . . , u k } we have
Hence, from the construction of a Chithra graph of G, it is evident that G ∈ C(G − U ).
In other words it can be said that if
b-Chromatics Number of Set-Graphs
The notion of a set-graph was introduced in [8] as explained below. a 2 , a 3 , . . . , a n }, n ∈ N be a non-empty set and the i-th s-element subset of A (n) be denoted by A (n)
defined to be the graph with
The largest complete graph in the given set-graph G A (n) , n ≥ 2 is K 2 n−1 and the number of such largest complete graphs in the given set-graph G A (n) , n ≥ 2 is provided in the following proposition.
Proposition 2.12.
[9] The set-graph G A (n) , n ≥ 2 has exactly 2 n−1 largest complete graphs K 2 n−1 .
Invoking the above notion of set-graphs and Proposition 2.12, we can establish the following result on the b-chromatic number of a set-graph.
Proof. By Proposition 2.12, we know that a largest complete subgraph of the setgraph G A (n) , n ≥ 2 is K 2 n−1 . Furthermore, there exists such a complete graph, say
be the set C * = {c 1 , c 2 , c 3 , . . . , c 2 n−1 }.
Since the vertices in the set U = {v 1,i : 1 ≤ i ≤ n} are mutually non-adjacent and
In the remaining subset of vertices
The latter argument implies that new colors cannot be added and all vertices v m ∈ V must be colored from C * , which is always possible because
Another class of graphs similar to the set-graphs is the class of edge-set graphs which has been introduced in [12] as follows.
Definition 2.14.
[12] Let G(V, E) be a non-empty finite graph with |E| = and E = P(E) − {∅}, where P(E) is the power set of the edge set E(G). For 1 ≤ s ≤ , let S be the collection of all s-element subsets of E(G) and E s,i be the i-th element of S. Then the edge-set graph corresponding to G, denoted by G E ( ) or G G , is the graph with the following properties.
(i) |V (G G )| = 2 − 1 so that there exists a one to one correspondence between V (G G ) and E.
(ii) Two vertices, say v s,i and v t,j in G G are adjacent if some elements (edges of G) in E s,i is adjacent to some elements of E t,j in G.
Clearly, the edge-set graph is dependent on both the number of edges and the structure of G. It is known that ϕ(G) ≤ ∆(G) + 1 (see [5, 13] ). In [12] it is proved that the edge-set of G on n vertices is a complete graph if and only if G is a star graph. Hence, it can be said that ϕ(G G ) ≤ ϕ(K n ). Because the vertices of the edge-set graph is determined by the non-empty subsets of the number of edges of G while the adjacency structure of G G depends on the adjacency structure of G, the bound ϕ(G G ) ≤ n is optimal. For all non-star graphs, this bound improves to ϕ(G G ) ≤ n − 1.
Edge-joint Graphs
The notion of an edge-joint graph is simple. It is an operation between two graphs G and H and requires the addition of an arbitrary edge to join the graphs into a connected structure (see [6] ).
Definition 2.15.
[6] The edge-joint of two graphs G and H is the graph obtained by adding the single arbitrary edge vu, v ∈ V (G), u ∈ V (H), and is denoted, G vu H.
Clearly, the edge-joint operation establishes minimal connectivity between two graphs and results in the existence of at least one bridge in G vu H. For parameters which are reliant on the orientation of a graph such as determining the brush number of a graph it is seen that the commutative property does not necessarily hold.
Certain structural properties are either enhanced or destroyed through this operation. By edge joint operations, connectivity in the graphs is enhanced where as the existence of Hamilton cycles is destroyed. Furthermore, if both graphs G and H are without bridges, all results for a graph with bridges can now be applied for the edge joint graph.
In view of these facts, the b-chromatic number of an edge joint graph is determined in the following theorem. Theorem 2.16. Let ϕ(G) ≥ ϕ(H) for two graphs G and H, which are not paths with 2 or 3 vertices. Then, ϕ(G vu H) = ϕ(H uv G) = ϕ(G).
Proof. Assume that the b-colorings of two graphs G and H are respectively given by C = {c 1 , c 2 , c 3 , . . . , c ϕ(G) } and C = {c 1 , c 2 , c 3 , . . . , c ϕ(H) } and c i = c j , ∀i, j. Since |C | ≤ |C|, it is always possible to construct a one-on-one mapping f (c i ) → c j ⇐⇒ f −1 (c j ) = c i . Denote the mapping F (C ) → C. Obviously, the vertex u cannot be colored with a color c * / ∈ C and c * / ∈ C else C ∪ {c * } is a b-coloring of H larger than the b-coloring C which is a contradiction.
Since |V (H)| ≥ 2, there exists a vertex u = u, u , u ∈ V (H). Clearly, vertex u cannot be colored with c * / ∈ C, else the b-coloring property is destroyed. Hence, the vertices of H must be colored by the mapping
Remark 2.17. For the graphs G = P n , n ≤ 3 and H = P m , m ≤ 3, we can apply Proposition 1.1 to find the b-chromatic number of the edge joint graph of the graphs G and H.
Conclusion
In this paper, we have discussed the b-chromatic number of certain classes of graphs and digraphs.
The concept of Chithra graphs allows another interesting observation namely, the smallest graph from which the complete graph K n , n ≥ 2 can be constructed recursively is K 1 . This is true because K n ∈ C(K n ), K n ∈ C(K n−1 ), K n−1 ∈ C(K n−2 ), K n−2 ∈ C(K n−3 ), . . . , K 2 ∈ C(K 1 ). In other words, C(K n ) ⊂ C(K n−1 ) ⊂ C(K n−2 ) ⊂ . . . ⊂ C(K 1 ). In this sense, K 1 is called the root Chithra graph of K n .
For the sun graph S 2n , the root Chithra graph is K 1 as well. For the sunlet graph S n the cycle C n is the root Chithra graph. Note that the root Chithra graph may not be unique in general. For example, a root Chithra graph for the complete bi-partite graph K n,m may be N n or N m .
Finally, for some graphs G, the root Chithra graph is G, itself, of which the Jaco graph J * n (f (x)) serves as an example. Hence, a root Chithra graph exists for all graphs because amongst the families of Chithra graphs of G, it is true that G ∈ C(G) as well. It remains an open problem to determine the root Chithra graph of general classes of graphs.
With regards to edge-set graphs we have that for all non-star graphs ϕ(G G ) ≤ n−1. This observation leaves a wide scope for research into the parameter ϕ(G G ) for specialised classes of graphs with well-defined adjacency structures such as paths, cycles and more complex graphs such as complete graphs and Jaco graphs. Some other the open problems, identified during our studies are the following. 
